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Abstract. In this paper we establish the local Lyapunov property of certain 
h p and Besov norm of the vorticity fields. We have resolved in part, certain 
open problem posed by Tosio Kato for the three dimensional Navier-Stokcs 
equation by studying the vorticity equation. The local dissipativity of the 
sum of linear and non-linear operators of the vorticity equation is established. 
One of the main techniques used here is the Littlewood-Paley analysis. 



1. Introduction 

Stability and control of a dynamical system is often studied using Lyapunov 
functions [T21 UHl |T7j ■ The local Lyapunov property we study in this paper can thus 
be of interest to the understanding, control and stabilization of turbulent fields [25] . 
This property also sheds some light towards the research on global Navier-Stokes 
solutions in super-critical spaces (for definitions and examples of these spaces 
see [7] and [9]). Weak solutions of the Navier-Stokes equation satisfy the energy 
inequality which in turn implies that the L 2 -norm of velocity decreases in time [15] . 
This idea was generalized by Tosio Kato [13] to prove that for every solution of 
Navier-Stokes equation in R m (m > 3), there exist a large number of Lyapunov 
functions, which decrease monotonically in time if the solution have small L m (R m )- 
norm. More specifically Kato proved that the local Lyapunov property in L p -norm 
for 1 < p < oo and in W s,p -norm for s > 0, 2 < p < oo. He also noted that for 
any Lyapunov function £(w) and any monotone increasing function $, $(£(«)) will 
again be a Lyapunov function. Moreover Kato also proved the local dissipativity 
of the sum of the linear and nonlinear operators of the Navier-Stokes equation in 

2000 Mathematics Subject Classification. 35Q35, 47H06, 76D03, 76D05. 

Key words and phrases. Vorticity equation, Lyapunov function, Dissipative operator, 
Littlewood-Paley decomposition, Besov Spaces. 

* This research is supported by Army Research Office, Probability and Statistics Program, 
grant number DODARMY1736. 

1 



2 



UTPAL MANNA AND S.S. SRITHARAN 



L p -norm for 2 < p < oo. However the local dissipativity in W s,p -norm for s > 
has remained an open problem. 

Cannone and Planchon 10J proved the Lyapunov property for the 3-D Navier- 
Stokes equation in Besov spaces. In particular they proved that if p, q > 2, | + 1 > 

1 and as long as the B^'^-norm of the velocity is small, the B^ 1+3 ' p,9 -norm of 
velocity decreases in time. 

In [T3] Koch and Tataru considered the local and global (in time) well-posedness 
for the incompressible Navier-Stokes equation and proved the existence and unique- 
ness of global mild solution in BMO^ 1 provided that the initial solution is small 
enough in this space. Due to Cannone and Planchon [TU], existence of the Lya- 
punov functions for small i?^, '°°-norm is known but the global solvability of 
Navier-Stokes equation in this space remains an open problem. Noting the em- 
bedding theorem BMO' 1 C 5" 1 ' 00 , BMO~ x is thus the largest space of initial 
data for which global mild solution has been shown to exist. 

Recently, P. G. Lemarie-Rieusset [TB] has extended the result of Cannone and 
Planchon [TUJ to a larger class of initial data. He proved that for initial data uq E 
Bp' q n BMO~ x where s > — 1, p > 2, q > 1 and s + | > 0, there exists a constant 
Co > independent of p and q, such that if u is a Koch- Tataru solution of Navier- 
Stokes equation and satisfying supt \\ u(t) ||^-i,<»< Co, then t — >|| u{t) \\g',q is a 
Lyapunov function. 

Local monotonicity of different type has been used in proving the solvability in 
unbounded domains for Navier-Stokes in 2-D [20], in 3-D [3] and for modified 2-D 
Navier-Stokes with artificial compressibility [19] . Local monotonicity has also been 
useful in Control theory [3] . For extensive theories and applications on dissipative 
and accretive operators see Barbu [1] and Browder [6]. 

In this paper, we achieve a partial resolution to the open problems posed by 
Kato [13] for the Navier-Stokes equation by studying the vorticity equation: 



' d t uj - fAw + u ■ Vw - lu ■ Vti = 0, in R m x R + , 
< V-w = 0, mR m xR + , (l.l) 
oj(x,0) =u (x), x E R m . 



To be specific, we have proved that the vorticity equation have a family of 
Lyapunov functions in L p (E m ) for 2 < p < oo and m > 3 provided that the 
L m -norm of the velocity is small enough. We then prove B p 1+3 ^ p,9 -norm of the 
vorticity is a Lyapunov function for 3-D vorticity equation provided the velocity 
and the vorticity are small in £?^ 1,00 -norm and i?^ 2 '°°-norm respectively. 

We have also proved the dissipativity of the sum of the linear and nonlinear 
operators of the vorticity equation (jl.ip in L p for 2 < p < oo, which in part 
answers the open problem of Kato for the local dissipativity of the Navier-Stokes 
operators in W 1,p -norm. 

In Section 2 and 3 we recall some basic facts concerning Littlewood-Paley de- 
composition, homogeneous Besov spaces and the Paraproduct rule. The main 
results are presented in section 4. 
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2. Some Definitions and Estimates 

Definition 2.1. (Duality Map) The mapping G : X -> 2 X " is called the duality 
mapping of the space X if 

G(x) = {x* e X*- (x,x*) = || x f x = || x* \\ 2 X *, e X}. 

Remark 2.2. The duality map for L p is given by 

x i x r 2 

G(x) — 

\\x nr 2 

Definition 2.3. (Dissipative Operator) An operator A is said to be dissipative 
if 

(Ax - Ay, G(x - y)) < 0, Vz, y £ Z?(A). 
An operator A is said to be accretive if —A is dissipative. 

See p] and [6] for extensive theories and applications on nonlinear operators in 
Banach spaces. 

Definition 2.4. (Lyapunov Function) Let v be a solution of the Navier-Stokes 
equation. Then any function £,(v)(t) montonically decreasing in time is called a 
Lyapunov function associated to v. 

The most well-known example is certainly provided by energy [15] 

E(v)(t) = ~ || v(t) \\l . 
The energy equality for the Navier-Stokes equation yield 

±E(t)+v\\ V«(t) ||1=0, 

which proves that E(t) is Lyapunov functional. 
Let us now recall two lemmas due to Kato [13] ■ 

Lemma 2.5. Let 2 < p < oo and 4> G W 1:P . Define 

Q P (<f>) = f | <t>(x) \ p - 2 \ V<t>(x) | 2 dx > 0. (2.1) 

Jd<i>(x)=£0 

Then 

CQ P (<t>) <~(\<l> | p ~ 2 A0) < oo, (2.2) 
where C denotes a positive constant. 
Lemma 2.6. Let 2 < p < oo and (j> <E W 1,p . Then 

H\\^2. <CQ p (<f>)k (2.3) 
Lemma 2.7. Let u be the velocity field obtained from uj via the Biot-Savart law: 

u(x) = F(m/2 ± 1} /9 / , (X ~ ^ x w (y)dy, x e M m , m > 3. (2.4) 

v ; m(m - 2)7r m /2 y Rm | a; _ y |m ^ » ' , _ v y 

('a^ Assume that 1 < p < oo. TTien /or every divergence-free vector field u whose 
gradient is in L p , t/iere exists a C > 0, depending on p, such that 

\\Vu\\ p < C\\u\\ p . (2.5) 
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(b) If lo G L 1 (M m ) nL p (R m ), < p < oo, then 

II u |[ L i>(K"*) < C( II w IIl^k™) + II w IIlp(k™) )• (2-6) 
Proof, (a) See Theorem 3.1.1 in [TT] , 

(b) The proof is due to Ying and Zhang [28], Lemma 3.3.1. □ 

3. Littlewood-Paley Decomposition and 
Besov Spaces 

In this section, we recall some classical results concerning the homogeneous 
Besov spaces in terms of the Littlewood-Paley decomposition. Several related 
embedding relations and inequalities will also be given here. For more details the 
reader is referred to the books [4], [8], [TT], [22], [27] for a comprehensive treatment. 

3.1. Littlewood-Paley Decomposition: Let us start with the Littlewood-Paley 
decomposition in K 3 . To this end, we take an arbitrary function ip in the Schwartz 
class <S(R 3 ) whose Fourier transform -0 is such that 

S ?W^c{£,i<m<2}, (3.1) 

and 

ve^o, £^J-) = 1 - 

Let us define if by 
and hence 

supp0C U,U l< !}■ (3-2) 

For j G Z, we write (/^-(a;) = 2 53 \p(Q?x). We denote by S 1 ^ and Aj, the convolution 
operators with tpj and respectively. Hence 

Sj(f) =f*<Pj, 

and 

Ajf = tpj * f, where t/>j (x) = 2 3i ^(2 J a;). 

Then 

The dyadic decomposition 

is called the homogeneous Littlewood-Paley decomposition of w and converges 
only in the quotient space S j-p where S is the space of tempered distributions 
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and V is the space of polynomials. Now let us mention here the following quasi- 
orthogonality properties of the dyadic decomposition [IT] (proposition 2.1.1): 

A p A,jU = if |p-g|>2, (3.4) 

Ap(5,_a«A,u) = if |p-g|>4. (3.5) 

3.2. Besov Spaces: Let < p, q < oo and s £ R. Then a tempered distribution 
/ belongs to the homogeneous Besov space B p ,q if and only if 

2f*||A 3 -/||2)'<oo (3.6) 

and / = X^ez Aj/ m ^ /? m where P m is the space of polynomials of degree < m 
and m = [s — the integer part of s — -. 

Besov space is a quasi-Banach space [21] • Here we recall the following standard 
embedding rules [27] (chapter 2.7): 

If si > S2 and P2 > Pi > 1 such that si — ^- = S2 — then 

/>;/•'•' - />;.:."• (3.7) 

Moreover if gi < q 2 then 

B s p ' qi ^ B s p ' q \ (3.8) 

The above mentioned embeddings are also valid for inhomogeneous Besov spaces. 
For more embedding theorems and their proofs we refer the readers to [22] and [27] . 
Next let us recall the following result from Chapter 3 in Tricbel [77] : 

Lemma 3.1. Let 1 < p, q < oo and s < 0. Then Vf £ B p ' q we have, 

(]T 2^||A,-/||*)* <co 2^ 11^-/ ]]«)'< oo. (3.9) 

jez jez 

Now we recall the following versions of Bernstein inequalities (chapter 3 in [18]): 

Lemma 3.2. Let 1 < p < oo. Then there exist constants Co, Ci, Cn > such that 

(a) If f has its frequency in a ball B(0, A) (supp J-(f) C B(0, A)) then 

|| (-A)*/|| p <C Al fi l ||/|| p . (3.10) 

(b) If f has its frequency in an annulus C(0, AX, BX) 
(supp F{f) C {£, AX <| \ |< BA}) i/ien 

Ci A' 8 ' || / || p < || (-A)i/ || p < C 2 *M || / || p . (3.11) 

Now let us state here the modified Poincare type inequality given by Plan- 
chon [21?] . 

Lemma 3.3. Let f G S, the Schwartz space, whose fourier transform is supported 
outside the ball B(0, 1). Then for p > 2, 

J \f\ p dx < C P J | V/ | 2 | / \ p - 2 dx. (3.12) 
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3.3. The Paraproduct rule: Another important tool in Littlewood-Paley anal- 
ysis is the paraproduct operator introduced by J. M. Bony [5j. The idea of the 
paraproduct enables us to define a new product between distributions which turns 
out to be continuous in many functional spaces where the pointwise multiplication 
does not make sense. This is a powerful tool for the analysis of nonlinear partial 
differential equations. 

Let /, g 6 S . Then using the formal Littlewood-Paley decomposition, 
/ = $>,•/, '/ X • ' 

Hence 

fg = ^Aj/Atf 

= E E A jf A l9 + Y A,/A,g + ^ £ A,fA l9 

i Kj-2 j l>j+2 j \l-j\<2 

= E E A jf A l9 + Yl E A J /A,g + ^ ]T AjfAig 

j Kj-2 I j<l-2 j \l-j\<2 

= ^A J /5 i _ 25 + ^A i5 5 i _ 2 /+ Yl A if A i9- 

3 3 \l-j\<2 

In other words, the product of two tempered distributions is decomposed into two 
homogeneous paraproducts, respectively 

*(/) 9) = E A 3-f S J-29 and ^(fl 1 , /) = E A j9 S J-2f, 
3 3 

plus a remainder 

R(f,g)= J2 A of A i9- 

\l-j\<2 

7T is called the homogeneous paraproduct operator and the convergence of the 
above series holds true in the quotient space S /-p. Finally, using the quasi- 
orthogonality properties from (|3.4|) and (|3.5[) and after neglecting some non-diagonal 
terms for simplicity (since the contributions from these non-diagonal terms are 
taken care of by the terms which are being considered and hence negligible and 
also this does not affect the convergence of the paraproducts [ZKH]), we obtain 

Ajifg) = /,,/S, i; , + A 3 gS^ 2 f + A,(^ A k fA k g). (3.13) 

k>j 

We refer the readers [7], Qj], [2], [24] for extensive studies on paraproducts. 

4. Main Results 

Theorem 4.1 (Local Lyapunov Property in L p ). Let m > 3, 2 < p < oo. Let u> 
be the solution of the vorticity equation (|1.1|) such that 

u E C([0, T] ; L m n LP), £ Lj oc ((0, T);V), 
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and 

lo e C([0,T];L m nL p ), Vw £ Lj oc ((0, T); L p ), for < T < oo. 

TTien 

ft II w(*) II? < -C(i/-A- || u(t) |U)Q P (w(t)), 0<i<T, (4.1) 
where K denotes a positive constant depending upon m and p. 

This implies for small L m -norm t — >|| Lo(t) ||lp is a Lyapunov function. 

Proof. Consider, 

dt\\uo\\l = 1 1 | oo f dx = || | lo 2 \ p ' 2 dx 

= pj \U> r 2 LO ■ ^dx = P (\ LO LO,8 t L0) 
= p{\ LO \ P ~ 2 LO, 1>AlO — U ■ VLO + LO ■ Vlt) 

= vp(\ lo \ p - 2 oo, Auo) - p(\ lo \ p - 2 00, u- Vw> 

+ p(\oo\ p ~ 2 lo, oo-Vu). (4.2) 
Using Lemma 2.5 on the first term of the right hand side, we have from (14. 2|) 
dt || oo \\l < -CvQ p (oo)- p(\oo\ p - 2 lo, u-Vco) + p(\Lo\ p - 2 oo, oo-Vu) 

(4.3) 

Now we need to estimate the second and the third terms of the right hand side of 
the equation (|4.3|) . 

Using the fact that Div u = 0, we have 

_ dujj d . . dui 

u-Vlo = Ui-Q^ = Q^( UiUJ j) " ^g^. =V-(u<S>w), (4.4) 

where (8 represents the tensor product. 
Then 

| (| LO \ P ~ 2 LO, U-VL0}\ = | (| U \ P - 2 LO, V- (U®L0)} \ 

= | (V(| LO \ p - 2 00), U®L0)\ 

< (| V(| oo \ p ~ 2 oo) I, |u®a;|). (4.5) 

Notice that | V | to \ p ~ 2 lo \ < C \ lo \ p ~ 2 \ Vlo \ . Hence using this and Holder's 
inequality in (|4.5|) we have 

| (| LO \ P ~ 2 LO, U-VL0}\ < (| LO \ P ~ 2 \ VW |, \U®L0\) 

< || | lo \ p ~ 2 \ Woo | L || u®uj V, where 1 + 1 = 1. 

"' '/ '/ 

(4.6) 



Now 



w M Va; | ||« 



| | LO | VOO |« dx 

| w | 9 ( P -2)/2 ( | w |p-a I Vw |2 
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Since ^-j 2 



1, Holder inequality yields 



\ p - 2 \ Vw 



< 



( | w |<^~ 2 )/ 2 ) 2/{2 - q) dx 



m-2 



i 2 ) 9/2 } 2/ V 



| p - 2 I Vw I 2 dx 



8/2 



|M|^" 2 )/ 2 Q»«/ 2 , where r=^-^. 



Hence 



Again by Holder, 



HIcMvciH^iMir 2 )/ 2 QpH 1 / 2 . 



: C 



since 



1 

m 



(4.7) 
(4.8) 



Now from the relations 



we find that 



11 , g(p - 2) ,1 11 

— I = 1, r — — — and — = 1 — . 

q q' (2 — q) q' m r 



mp 



(4.9) 



(m-2)' 

Using equations (|4.7p and (|4. 8|) in (|4.6|) we have 

| (| W l^ 2 «, U • V W ) | < C || W || 0— 2>/2 Q p(w) l/2 || u || m || w || p 

= C || « || m || w ||£ /2 Qp^) 1 / 2 . 

Applying the Lemma 2.6 in the above equation we obtain 

| (| w \ p ~ 2 OJ, u ■ Vw) | < C || u \\ m Q P (w). (4.10) 

The third term in the equation (|4.3p can be estimated by using the fact that 
Div uj = along with the similar kind of techniques taken to estimate the second 
term. 

Thus we get 

| (| u \ p - 2 w,wVu) < C\\u\\ m Q p (w). (4.11) 
Combining (j4~LQ|) and (|4~TTj) with ((43)) we get the desired result (|4~Tj) . □ 

Theorem 4.2 (Local Lyapunov Property in Besov Spaces). Let the initial data 
ujq for the 3-D vorticity equation be in B^ q where s = | — 1, p, q > 2, and 
- + - > 1. Then there exist small constants e\ > and £2 > smc/i £/icrf «/ 
f/ie velocity field satisfies sup t || u(t) ||^-i,oo< £\ and the vorticity field satisfies 
supt || u>(t) ||^-2,oo < £2, then t — >|| u)(t) \\g*,<i is a Lyapunov function. 
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Proof. Let us consider 

F(u, w) = u ■ Vui — to ■ Vit. 
Multiply the equation (11. ip by Aj to get, 

dtiAjLu) - vA(Aju) +Aj(F(u,w))=0. (4.12) 

Now, 

d t || Aju \\* = jLJ\A j u>\*6x=^J\ (A,c) 2 |^ 2 dx 

= pj\A j .\^A j .. d -^l dx 

= p(\A j u> r 2 A jW ,a t (A jW )). 

Hence using (|4.12l) we have from the above equation 

d t || A 3 to \\l=p(\ A jU r 2 A jU , V A(A jU ) - A 3 (F(u,w))) 

= up{\ Ajuo \ p - 2 AjU, A(AjUj)) 

-p{\Aju r 2 Ajuj,Aj(F(u,w))). 

Applying the Lemma 2.5 on the first term on the right hand side of the above 
equation we obtain 

d t || Aju HI <-"pf I A j w T _2 | VA j w I 2 dx 

-p{\A^ r 2 AjLO,Aj(F(u,w))). 



Hence, 



d t || AjUJ ||| +vp / | Aju \ p - 2 \ VAjW | 2 dx 



<-pl\ Aju \ p ~ 2 AjwAj(F (u, w))da 
which is equivalent of considering the equation 

j t || A^ \\l+u P J \A,u r 2 \VA 3 u\ 2 dx 

<p I | Aju; IP' 1 ] Aj(F(u,w)) | dx. 



Using Lemma 3.3 we replace the second term to get 

j f || A^ ||| + C v vp 2 2 ? || A.-o, ||| <pj | A,-u, r 1 ) Aj(F(u, w)) \ dx, (4.13) 

where C p is positive constant depending on p. 
Now, 

Aj(F(u,u))) | =| Aj(u'Vw-wVu) 

<| Aj(u ■ Vw) | + | Aj(w • Vu) | . 
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Moreover 

_ dujj d . . dui . . . 

it • vw = Ui—^- = — — (UiUij) — ujj— — = V-(it<S>w), since Div« = U, 
ox^ 

and similarly to ■ Vu = V • (u (8> w) , where ® represents the usual tensor product. 
Since the terms V • (u (8> u>) and V • (u> (8> u) behave in similar fashion, we have from 
equation (|4.13[) 

j t || A jU \\l + C v v V 2 2 > || Ajw \\l < 2pJ | M A, V • (« ® u>) \ dx. 

(4.14) 

Now using the paraproduct rule Q3.13p . we have 
AjV • (u ® w) = VAjfw ® w) 

= V(Aj-u 5 3 -- 2 w) + V(Aj-w S,- 2 u) + V(Aj(^A fe it A fc w)). 

fc>j 

(4.15) 



Using (|4~T5|) in (|4~T4| we obtain, 
d_ 

Tit 



± || A jU HI + C p vp 2^ || Aju HI 



< 2 pJ\ A j w T" 1 ! V(Ajii 5j_ 2 w) I dx 
+ 2 P J \ V(AjO) S,-_2u) | dx 

+ 2p / | Aj-w r 1 ! V(A j (^A fc u A fc «)) |da;. (4.16) 

We need to estimate each of the terms on the right hand side of (|4.16[) separately. 
First consider the term 



A 3 uj I 33 — 1 1 V(A iW Sj-2u) | dx, 
and apply Holder's Inequality to get, 

J | Ajco r 1 ) V(A iW S,_ 3 u) | dx < || A jW ll^ 1 || V(A jW S,-_ 2 «) || p . 
With the help of Lemma 3.2 we obtain 

J | Ajtj I 1 "- 1 ] V(A i w fi,-_2«) I dx 

< d || A^ ll^- 1 2^" || A,-* Sj-au || P 

= C x || A jW ll^- 1 V || (2*A J -w)(2-JS,_ 2 u) || p 

< d || A,-w ll^- 1 V || 2*'A iW || p sup {2-i || S,-_ 2 « IU ) 

3 

= Ci 2 2j || Ajcj HI sup (2- J || Hoc ), (4.17) 

where C\ is positive constant. 
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Now from Lemma 3.1, for s = — 1 and p = q = oo, we have 

2-° || Ajti 6 l°° 2- 1 || SjU || L o= g l°° 
=> sup2~ J || Aju Hoc <^> sup2 - -' || SjU Hoc 

=> || u(x,t) 115-1,00 sup 2^' || S s u ||oo • (4.18) 
i 

Then using the conditions assumed in the theorem, we get, 

|| u{x,t) || a- 1,00 < SUp || u(x,t) ||a-i,oo < Ei, 
oo t oo 

=> sup2- J ' || Sju \\oo <£i- (4.19) 

3 

So finally (|2T7|) yields 

J | A,-w l^ 1 ! V(A 3 -w Sj- 2 u) | < Ciei2 2j || A 3 -w ||| . (4.20) 
Now let us consider the term: 

| | A jW r 1 ! V(AjU Si-w) | da. 
As before Holder's Inequality and Lemma 3.2 yield 

J | A 3 -w | p-1 | V(A,-u Sj_ 2 o>) | dx 

< || A jW ll^- 1 || V(AjU S 3 . 2 u) \\ p 

< C 2 || A jU W?- 1 V || A jU Sj. 2 u \\ p 

= C 2 || A^ W?- 1 2* || (2^A jU )(2-^S^ 2 u) \\ p 

< C 2 || AjU Hp- 1 V || 2 2 ^A jU || p sup (2^ || Sj-.aw \\ x ), (4.21) 

j 

where C 2 is positive constant. 
From Lemma 3.2, equation (|3.11|) . we obtain 

2 J || AjU ||p < || VAjU ||p . (4.22) 
The above equation and (|2.5|) in Lemma 2.7 yield 

|| AjU ||p < 2~' || AjW ||p . (4.23) 

Now applying Lemma 3.1, for s = —2 and p = q = oo and proceeding as before 
we obtain 



sup 2"' || SjOJ |U <e 2 . (4.24) 
Using (g^5D and (EL"!M|) in P~2"Tj) we have 

J | Aj-w T" 1 ! V(A jU Sj- 2 w) | rfx < C 2 e 2 2 21 \\ A lu \\* . (4.25) 
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Next we estimate the last term 

J | AjUJ r 1 ! V(A,(^A fcU Afcw)) | dx 
fe>j 

< || ll^ 1 !! V(A J (^A fcU A fc w)) || p 

< C 3 2^ || A^II^H A^A^A^) || p 

k>j 

where C3 is positive constant. 
Using Young's Inequality as in [9], we have 

f I A jW r 1 ! V(A,(^ A feU A fc w)) I dx 
fc>j 

< C p 2' || A iW H^ 1 (J2 II A feM || p || A k oj || p ), (4.26) 
fc>j 

where C p is positive constant depending on p. 

Now 

|| A^HJ-^ 2 2 ^(2- 2i || A^Hp) || A^||P- 2 

< 2 2j '(sup2-^ || Ajuj Hoo) || A^||P- 2 

i 

= 2^11^,*) || 6 _ a .. || A^||^ 2 

< e 2 2^ || A^ ||P- 2 . (4.27) 

Using (|4~23|) and (|4~27| in (|4~26"1) we have, 

J |A 3 -w r 1 |V(A,(^A fcU A fcW ))|dx 
fc>j 

< C p£2 2 2 ^|| A^||P- 2 (^|| A feW || 2 ). (4.28) 

Now combining all results from (|4.20p . (I4.25| and (|4.28j) and neglecting the con- 
stants Ci,C2,C p ,C p , we obtain from (|4.16[) 

j f || A^ ||J +vp 2^ || Aju; \\l < 2pe 1 2^ || Aju> \\ p p + 2pe 2 2^ \\ A,oj ||* 

+ 2pe 2 2 2 i||A^ ||^ 2 (£||A^|| 2 ). 

k>j 

Simplifying we get, 

|||A^|| 2 +^-2 £l -2 £2 )2 2 ^||A^|| 2 < 2 P e 2 2 2 ^(^|| A feW || 2 ). 

k>j 

(4.29) 
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The rest of the construction is motivated by [TUj ■ Multiplying both sides of (|4.29|) 
by 2 jqs || AjW |-?~ 2 , we get 

j t {2^ || A iW HI )+p(u- 2e l 2e 2 )V^ || A jU ||| 
< 2pe 2 2^ s +V ||A^||£- 2 (£|| A k c\\l). 

k>j 

1, p, q > 2, and | + - > 1. Then r=- + s>0oiqs + 2 = rq. 

j t {2^ || A jW ||2 )+p(u- 2 Sl 2e 2 )2 r «i || A 3 - W ||| 

< 2pe 2 2(»- 2 )^ || A jU 2^(J2 II A ^ Hp )■ ( 4 ' 3 °) 

Let fj = 2i s || AjOj ||p and ^ = W \\ AjOj \\ p . Then taking sum over j of (|PP|i 
we have, 

| ( E //) + p(" - ^ - ^) E < E *T a 2^ ( E ii ^ wi ) 

3 j j k>j 

oo k 

= 2 ^ee nf a 2^ H ig 

fc=l j=l 

OO fc 

= 2 ^ee »r 2 2 2ri 2- 2 M. 

fc=l 3=1 

(4.31) 

Let us consider 

^ gf 2 2 2 ^ = 2 2rfe ftf 2 . 

Then it is clear that 



Let s = ^ - 
p 

Then 



E^ 

A,- j 



(4.32) 
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So (I4.31|) yields with the help of Holder Inequality and (|4.32|) 

l(E//)+K--^-ME^ 



< 2^ 2 (E(^r 2 )^)^ (E -ee ^ + ^ = 1 



< 



2p^(E«2) v (E 



2^2 E^- (4-33) 



Hence, 



Using the definition of Besov Spaces in (|3.6|) , we can write, 

| ( || w(x, t) HI.., ) + p(„ - 2 El - 4e 2 ) || t) ||| ; , 9 < 0. 

Hence t — >|| o;(t) ||a«,« is a Lyapunov function for small £i and e 2 arL d compara- 
tively large za □ 

Now let us prove the dissipativity of the sum of the linear and nonlinear oper- 
ators of the vorticity equation in L m (R rra ). 

We write in the form dtuj = A(u,u>), where A : u,u> i— > A(it,u;) = yAw — 
u ■ Vw + uj ■ Vu is a nonlinear operator. We know that G(u>) =\ u> | p_2 u> is the 
duality map on 17 to L p . In Theorem 4.1 we proved that 

(A(u,lu),G(lo)) < -C(v-K\\u(t)\\ m )Q p (w(t)). (4.35) 

Here we will prove a stronger property than (|4.35[) . 

Theorem 4.3 (Local Dissipativity in L p ). Let m > 3, 2 < p < oo. Then if 
(co-ci) eL^R^nL^R" 1 ), for r=^, 

(A(u,w) - A(i>,w), G(w - a))} 

< - #(|| u |U + || v \\ m + || u \\ m + II w ||«,)Qp(w - w) 

- if (|| w || m + || « || ro ) || w - u> || L i Q> - a)) 1 /?'), (4.36) 

where - + -K = 1, 
p p' 

Hence, in the light of (|2.6|) . we note that if uj and uj are small in L 1 n L m , then 
{A{u,uj)- A{v,Cj),G{uj -uj)) < 0, 
which is a local dissipativity property for A{-, ■). 
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Proof. It is clear that 

(A(u,u) - A(v,u>), G(w-w)) 

= (z/Aw — u ■ Vw + w ■ Vu — vlSuj + v ■ Vw — Q ■ Vu, G(w — w)) 

= z/{A(w — a)), G(w — w)) — (u ■ Vw — v ■ Vw, G(w — a))) 

+ (w- Vu-u>- Vw, G(w-w)). (4.37) 

According to Lemma 2.5 

i/(A(w-w), G(w-w)) < -CvQ p {lo - Co). (4.38) 

Now we need to estimate the second and third terms of the right hand side of 

(OTP . 

Notice that 

| (u-Vu—v- Vw, G(w - &)) | 
= | (u ■ Vw — v ■ Vw + u • Vw — w ■ Vw, G(w — w)) | 

< | ((«-«)• Vw, G(w - a))) | + | (u • V(w - w), G(w - w)) | . (4.39) 
Let us denote w* = w — w. Then with the help of (|4.10|) we obtain 

(v- V(w-w), G(w-w)) | < G || u || m Q^w-w). (4.40) 
Since Div(it — v) = 0, we have 

| ((« - «) • Vw, G(w - «)} | = | (V ■ ((u - v) <8 w), G(w*)) | 

= | (V-((«-»)®w), |w* r 2 ^*} | . 

Integrating by parts we get, 

| ((« - w) • Vw, G(w - 0)> | =| ((« - v) ® w, V(| w* | p ~ 2 w*)) | 

< <| («-«)®o; |, | V(| w* \ p ~ 2 uo*) |) 

< (| (u-v)®w |, | w* | p ~ 2 | Vw* |). 
Now using the Holder's inequality we obtain, 

((« - u) • Vw, G(w - w)) | <|| (u - v) ® w ||^ || | w* l^ 2 ! Vw* | ||„ (4.41) 

where ^ + -r = 1. 
i i 

Using (|4.7p and Holder's inequality one more time, we have 

| ((« - ») • Vw, G(w - w)} | < G || u - V \\ r || w |U || W* || CP Qp(c ,*)i/2 ; 

(4.42) 

where = - + — and r = . 

Notice that if K is the Biot-Savart kernel then u — v = K * w — K * w = 
K * (lj - Co) = K * u* . Hence using the Lemma 2.7, flU} we get from (|4.42l) 

| ((«-«)• Vw, G(w-w)} | 

< G (|| w* || L1 + || w* || L II w |U || w* ||(^ 2 )/ 2 Q p (w*)V2 

= G || w* \\vj 2 || w || m Q^w*) 1 / 2 

+ G || w* || L1 || w* ||(f- 2 >/ 2 || w || m Q p (w*) 1 /2. (4.43) 
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With the help of Lemma 2.6, equation (|4.43j) yields 

| ((u - v) • Vco, G(w-u)) | 

< C || u \\ m Q P (u*) + C || uj* || L1 || to \\ m Q p (uj*) {p - iyp 

= C || w |U Q P (w - w) + C || w - a) || L i || u \\ m Q P {u - uj) 1/p '. (4.44) 

Thus substituting the results from (14.40| and (I4.44|) in (|4.39[) we have 

(m • Vw - u • VcD, G(w - a))) | < C ( || v \\ m + || u> || to ) - £>) 

+ C ||w-w || L i ||w|| m Q p (a;-a)) 1 / p ', 

(4.45) 

where C is a positive constant depending upon m and p. 

Next we estimate the third term of the equation (|4.37p . We notice that 

| {lu ■ Vu - uj ■ Vu, G(cj-w)) | 

= | (a; • Vu — cD ■ Vti + oj ■ Vu — uj ■ Vw, G(u> — uj)) \ 

<\{{uj-uj)- u, G{uj -uj)} \ + \ {uj- V(m - v), G{uj - Q)) | . (4.46) 

Here we proceed in the similar way as before to get 

| ((uj —u)-u, G(uj - w)> I < C || U \\rn Q P (uJ - u), (4.47) 

and 

\(uj-V(u-v), G(u-u>))\ < C||«|| m Qp(uj~Cj) 

+ C\\uj-uj || L i || Cj \\ m Q p (uj - uj) 1 /"'. (4.48) 

Thus dUg]) yields 

| (uj -Vu-uj ■ Vw, G(uj - w)> | < C ( || It || TO + || UJ \\ m ) Q p (uj - Q) 

+ a||w-«|| L i ||0|| m Qp^-Q) 1 /"', 

(4.49) 

where C is a positive constant depending upon m and p. 

Hence (|Q5|l . (|05| and yield the desired result ([4361 from 633- □ 
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